In this note, we generalize biharmonic equation for rotationally symmetric maps ([4], [16] , [10] ) to equivariant maps between model spaces and use it to give a complete classification of rotationally symmetric conformal biharmonic maps from a 4-dimensional space form into a 4-dimensional model space. We also give an improved second variation formula for biharmonic maps into a space form and use it to prove that there exists no stable proper biharmonic maps with constant square norm of tension field from a compact Riemannian manifold without boundary into a space form of positive sectional curvature.
Recall that a plole of a manifold is a point o ∈ M where the exponential map exp o : T o M → M is a diffeomorphism. A Riemannian manifold (M m (o), g) with a pole o is called a model if every linear isometry of T o M is the differential at o of an isometry of M. A special feature of a model lies in the fact that it can be described, by using geodesic polar coordinates centered at the pole o, as a warped product:
where ( S m−1 , g S m−1 ) is the standard (m − 1)-dimensional unit sphere, and f : [0, ∞) → [0, ∞) is a smooth function satisfying the following boundary conditions: f (0) = 0 , f ′ (0) = 1 and f (r) > 0 if r > 0.
Note (see [6] ) that in this model, r measures the geodesic distance from the pole o, and the warping function f relates to the the radial curvature by the following Jacobi equation:
where the radial curvature K(r) (r > 0) of the model means the sectional curvature of any plane containing the radial direction ∂ r .
We use M m f (o) to denote a model (M m (o), g) defined above, but, to abuse the notation and terminology, we sometimes also allow f (r) to define on a finite interval [0, b], with f (b) = 0 and f ′ (b) = −1. Sometimes, we also use the standard warped product notation like I × f S m−1 . In the following, we will use the following warped product models to represent a space form of constant sectional curvature Recall (see [9] ) that an equivariant map is a map φ : (R + × S m−1 , dr 2 + σ 2 (r)g S m−1 ) → (R + × S n−1 , dρ 2 + λ 2 (ρ)g S n−1 ) between two model spaces defined by φ(r, θ) = (ρ(r), ϕ(θ)), where ϕ : S m−1 → S n−1 is an eigenmap with eigenvalue 2e(ϕ) = 2k > 0. In particular, a map φ :
Now we are ready to study equivariant biharmonic maps. First, we have the following biharmonic equation for equivariant maps between two models.
or equivalently,
Proof. Take a system of local coordinate {r,
) so that {u i } is a local coordinate system on S m−1 (resp. {y b } is a local coordinate system on S n−1 ). We adopt the following convention for the range of the indices: A, B, C, D = 0, 1, 2, · · · , m − 1; i, j, k, l = 1, 2, · · · , m − 1; α, β, ξ, µ = 0, 1, 2, · · · , n; and a, b, c, d = 1, 2, · · · , n − 1. Letḡ = dr 2 + σ 2 (r)g S m−1 and h = dρ 2 + λ 2 (ρ)g S n−1 , then we havē
where g ij and h ab denote the components of the standard metrics of S m−1 and S n−1 respectively. By using the local expression φ(r, θ) = (ρ(r), ϕ(θ)) or, φ 0 (r, θ) = ρ(r), φ b (r, θ) = ϕ b (θ), we compute
where in obtaining the last equality we have used the identities of the connection coefficients of the warped product metrics
and the fact that the connection coefficientsΓ k ij andΓ d ab of the metrics σ 2 (r)g S m−1 and λ 2 (ρ)g S n−1 agree with those of the standard metrics on S m−1 and S n−1 respectively. Using the fact that an eigenmap is a harmonic map with τ (ϕ) = 0, we conclude that the tension field of the equivariant map φ is given by τ (φ) = F ∂ ρ for F given in the first equation of (1).
To compute the bitension field, we have (cf. (7) in [13] )
, where J is the Jacobi operator defined by
for any vector field X along the map φ A further computation using the assumptions that τ (ϕ) = 0 and |dϕ| 2 = 2k yields
which gives Equation (1). Equation (2) follows from (1) and the fact that ∆α = α ′′ + (m − 1) σ ′ σ α ′ for a function α = α(r) on (R + × S m−1 , dr 2 + σ 2 (r)g S m−1 ). It is easily seen that Proposition 1.1 gives a generalization of the following
) is a biharmonic map if and only if ρ is a solution of
Proposition 1.1 also includes the following corollary as a special case. [16] for the case of m = 2 and [10] for general m) The rotationally symmetric map φ :
is a biharmonic map if and only if ρ is a solution of
Example 1. One can check (cf. e.g., Example 9.10 in [14] ) that the Hopf fibration ϕ : S 3 → S 2 is an eigenmap with 2e(ϕ) = 2k = |dϕ| 2 = 8, so the equivariant map φ :
The following classification of rotationally symmetric conformal biharmonic maps between space forms was obtained in [10] .
For m > 2, a rotationally symmetric conformal map φ :
, between model spaces of constant sectional curvature is proper biharmonic if and only if, up to a homothety of the domain or the target space, it is one of the following maps: In dimension 4, we have the following generalization which gives a complete classification of rotationally symmetric biharmonic conformal map from a space form into a model. Theorem 1.5. A rotationally symmetric map (7) φ :
from a 4-dimensional space form into a model is a proper biharmonic conformal diffeomorphism if and only the target model is a space form, and up to a homothety, the map φ is one of the three maps given in Theorem 1.4.
Proof. Since a space form is an Einstein manifold, we can use Theorem 2.3 in [3] (see also Theorem 11.13 in [14] ) to conclude that the rotationally symmetric conformal map φ given in (7) is biharmonic if and only if its conformal factor ρ ′ solves the equation
where A is a constant relating to the scalar curvature Scal N of the target manifold and the sectional curvature c of the space form M 4 (c) by
A straightforward computation shows that by performing the following change of variable
for c = 0; r = 2 tan −1 e t , for c > 0; r = 2 tanh −1 e t , for c < 0, the conformality condition of the rotationally symmetric map reads ρ ′ (t) = λ(t).
Substituting this into (8) we have (9) 6A + 6c λ 2 + Scal N = 0. On the other hand, by a straightforward computation of the scalar curvature of the warped product manifold, we have (10) Scal (9) and (10) we obtain (λ 2 ) ′′ − 2Aλ 2 = 2(1 + c).
Solving this ODE yields
for A = 0;
One can easily check that by using the boundary condition λ(0) = 0, we have exactly
, for A > 0 and some constant C > 0; C sin( √ 2|A| 2 ρ), for A < 0 and some constant C > 0, which means the target manifold has constant sectional curvature. Using this and Theorem 1.4 we obtain the theorem.
Note that without the conformality requirement on the maps, the biharmonic equations for equivariant (even rotationally symmetric) maps between general models are still very difficult to solve although they are ordinary differential equations (see [16] for the study of rotationally symmetric biharmonic maps in the simplest case ϕ :
with ϕ(r, θ) = (ρ(r), θ)). However, we can have complete solutions for the maps between Euclidean domains as follows.
between Euclidean domains is harmonic if and only if
where c 1 , c 2 are arbitrary such that ρ takes values in (0, ∞). The equivariant map is biharmonbic if and only if 
for some constants c 1 , c 2 , c 3 , c 4 and k 1 , k 2 given by (11) .
Remark 1. Note that for m = 2, beside the solutions given in the first family of (12), the second family also provides many solutions. For example, for the eigenmap ϕ : Note that for biharmonic functions on a star-shaped Euclidean domain, we have the well-known Almansi property ( [1] ) which states that any real-valued biharmonic function u : R m ⊃ Ω → R on a star-shaped domain centered at the origin can be expressed as
One can easily check (see also [14] , Corollary 10.3) that this Amansi property generalizes to biharmonic maps from a star-shaped Euclidean domain into another Euclidean space. The following corollary shows that when the maps are equivariant, the condition of the domain being star-shaped can be dropped. Corollary 1.7. For m > 2, an equivariant biharmonic map φ : R m \ {0} → R n \ {0} given by φ(r, θ) = (ρ(r), ϕ(θ)) has Almansi property, i.e.,
are two equivariant harmonic maps defined by the same eigenmap ϕ : S m−1 → S n−1 .
Proof. By Proposition 1.6, for m > 2, any equivariant biharmonic map φ : R m \ {0} → R n \ {0} can be described, using geodesic polar coordinates, as φ(r, θ) = (ρ(r), ϕ(θ)) for some eigenmap ϕ and ρ given by
where ρ 1 (r) = c 1 r k 1 + c 2 r k 2 and ρ 2 (r) = c 3 r k 1 + c 4 r k 2 . It also follows from Proposition 1.6 that the equivariant maps φ 1 , φ 2 : R m \ {0} → R n \ {0} with φ 1 (r, θ) = (ρ 1 (r), ϕ(θ)) and φ 2 (r, θ) = (ρ 2 (r), ϕ(θ)) are harmonic maps. Now a straightforward computation shows that φ(r, θ) = r 2 φ 1 (r, θ)+φ 2 (r, θ), from which the corollary follows.
Remark 2. We would like to point out that R m \ {0} is not a star-shaped region, but the Almansi property still holds for an equivariant biharmonic map due to the symmetry of the map and a large enough domain (m ≥ 3); Note also that for m = 2, we have equivariant biharmonic maps φ :
with φ(r, θ) = (ρ(r), θ) with ρ(r) = r ln r, which does not have the Almansi property.
Note that we can use Proposition 1.6 with m = 4 and a boundary condition to have the following corollary which recovers Theorem 4.12 in [2] obtained in a different way. 
x |x| 4 is a biharmonic map. In particular, the inversion in 3-sphere φ(x) = x |x| 2 is a conformal proper biharmonic map which is also a biharmonic morphism.
Proof. Using Proposition 1.6 with m = 4 and 2k = 3 we have k 1 = −3, k 2 = 1 from which we obtain the general solution ρ(r) = C 1 r + C 2 r 3 + C 3 r −1 + C 4 r −3 . It is easy to check that with this solution of ρ(r) the rotationally symmetric map φ(r, θ) = (ρ(r), θ) corresponds to the map φ(x) = C 1 x + C 2 |x| 2 x + C 3
in Cartesian coordinates. Now, if we add the boundary condition ρ(0) = 0, then we have the solution ρ(r) = C 1 r + C 2 r 3 which corresponds to the map φ(x) = C 1 x + C 2 |x| 2 x.
Second variation formula and a classification of stable proper biharmonic maps into a positively curved space form
The following second variation formula for biharmonic maps was derived by Jiang.
For a biharmonic map φ : (M m , g) → (N n , h) from a compact Riemannian manifold, and a variation φ t of φ with variation vector field V , we have the following second variation formula
where J φ is the Jacobi operator of φ defined by (4) and {e i } is an orthonormal frame on M.
First, we give the following form of the second variation formula for biharmonic maps, which is very convenient to use and will be used to prove a classification theorem for stable biharmonic maps form a compact manifold into a space form of positive sectional curvature. Corollary 2.2. For a biharmonic map φ : (M m , g) → (N n , h) from a compact Riemannian manifold into a space form of positive curvature c, and a variation φ t of φ with variation vector field V , we have the following second variation formula
Proof. By using (14) and ∇ N R N = 0 for a space form, we have
By using the curvature property of a space form and further computations, we obtain
where in obtaining the last equality we have used the identity
which can be checked by a straightforward computation (see also Equation (12.6) in [14] ).
Substituting these into (16) we obtain the corollary.
Recall that a biharmonic map φ : (M m , g) → (N n , h) from a compact manifold is said to be a stable if the second variation of bienergy is nonnegative for every variation φ t of φ. This is equivalent to the integral in (14) is nonnegative for any vector field V along the map φ.
It is clear from the definition and the second variational formula (14) that a harmonic map from a compact manifold as a trivial biharmonic map is stable since d 2 dt 2 E 2 (φ t )| t=0 = M |J φ (V )| 2 dv g ≥ 0 for any vector field V along φ. Th following classifications of stable biharmonic maps were proved in [7] . For biharmonic maps into real space form, we can prove the following theorem which replaces the assumption that φ satisfies the first conservation law in Theorem 2.4 by requiring |τ (φ)| 2 be constant. Proof. Applying the second variation formula (15) with V = τ (φ) and a further computation, we have
where the second equality was obtained by using the assumption that |τ (φ)| 2 is constant and Equation (17) whilst the third equality holds by the assumption that |τ (φ)| 2 is constant and the divergence theorem. It follows from (18) that τ (φ) ≡ 0, and hence φ is a harmonic map.
Remark 3. (i) As an isometric immersion always satisfies the first conservation law, so it follows from Theorem 2.4 that there exists no stable proper biharmonic compact submanifold in a Euclidean sphere S n .
(ii) One can check that the proper biharmonic maps S 2n−1 → S n → S n+1 (n = 2, 4, 8) obtained from the composition of Hopf fibration followed by the inclusion i : S n → S n+1 with i(x) = (x, 1)/ √ 2 satisfies |τ (φ)| 2 = constant, so by Theorem 2.5, it is unstable. This was also confirmed by Theorem 6.1 in [12] which states that the composition of a non-constant eigenmap ϕ : (M m , g) → S n ( 1 √ 2 ) from a compact manifold followed by the inclusion i : S n ( 1 √ 2 ) → S n+1 is an unstable proper biharmonic map. (iii) As we know (see [8] ) that any stable harmonic map φ : (M m , g) → S n from a compact Riemannian manifold into a Euclidean sphere is constant. Based on the results given in Theorems 2.4 and 2.5, it would be interesting to know whether there exists a stable proper biharmonic map φ : (M m , g) → S n from a compact manifold into a Euclidean sphere.
Note that for biharmonic maps into a sphere we also have the following form of the second variation formula.
Theorem 2.6.
[15] For a biharmonic map φ : (M m , g) → S n from a compact manifold into a sphere, the Hessian of the bienergy at φ is
− τ (φ), V τ (φ) + 2 dV, dφ τ (φ) − Tr dφ(·), ∆ φ V dφ(·) + Tr dφ(·), Tr V, dφ(·) dφ(·) dφ(·) − 2|dφ| 2 Tr dφ(·), V dφ(·)
e i e i )V denoting the Rough Laplacian along the map φ.
For some further study of the second variation of bienergy and the stability and indices of biharmonic maps see [7, 15, 12, 11] and the references therein.
